In this work we compute a versal deformation of the three dimensional nilpotent Leibniz algebra over C, defined by the nontrivial brackets [e1, e3] = e2 and [e3, e3] = e1.
Introduction
Leibniz algebras are a generalized version of Lie algebras, without the antisymmetry property. They were introduced by J.-L. Loday in 1993 and they turned out to be useful both in mathematics and physics. In [8] the authors develop the versal deformation theory for Leibniz algebras. The existence of a versal deformation under certain cohomology condition follows from a general theorem of Schlessinger [15] . The construction of a versal deformation is essential to solve the basic deformation question, as it is a deformation which induces all nonequivalent deformations of a given Leibniz algebra.
In this paper we give an explicit example on which we demonstrate the general construction and computations. For this, after recalling some definitions and results in Section 2, we describe and prove the relationship between Massey brackets and obstructions for Leibniz algebra deformations in Section 3.
Our example is the following. Consider a three dimensional vector space L spanned by {e 1 , e 2 , e 3 } over C. Define a bilinear map [ , ] : L × L −→ L by [e 1 , e 3 ] = e 2 and [e 3 , e 3 ] = e 1 , all other products of basis elements being 0. Then (L, [ , ] ) is a Leibniz algebra over C of dimension 3. The Leibniz algebra L is nilpotent and is denoted by λ 6 in the classification of three dimensional nilpotent Leibniz algebras, see [3] . We compute cohomologies necessary for our purpose, Massey brackets and construct a versal deformation of our example in Section 4.
Leibniz Algebra, Cohomology and Deformations
Leibniz algebras were introduced by J.L.-Loday [10, 12] and their cohomology was defined in [13, 11] . Let us recall some basic definitions. Let K be a field.
Definition 2.1. A Leibniz algebra is a K-module L, equipped with a bracket operation that satisfies the Leibniz identity:
[ Any Lie algebra is automatically a Leibniz algebra, as in the presence of antisymmetry, the Jacobi identity is equivalent to the Leibniz identity. More examples of Leibniz algebras were given in [10, 13] , and recently for instance in [3, 1, 2] .
Let L be a Leibniz algebra and M a representation of L. By definition, M is a K-module equipped with two actions (left and right) of L, holds, whenever one of the variables is from M and the two others from L.
Define CL n (L; M ) := Hom K (L ⊗n , M ), n ≥ 0. Let
be a K-homomorphism defined by
Then (CL * (L; M ), δ) is a cochain complex, whose cohomology is called the cohomology of the Leibniz algebra L with coefficients in the representation M . The n th cohomology is denoted by HL n (L; M ). In particular, L is a representation of itself with the obvious action given by the bracket in L. The n th cohomology of L with coefficients in itself is denoted by HL n (L; L). Let S n be the symmetric group of n symbols. Recall that a permutation σ ∈ S p+q is called a (p, q)-shuffle, if σ(1) < σ(2) < · · · < σ(p), and σ(p + 1) < σ(p + 2) < · · · < σ(p + q). We denote the set of all (p, q)-shuffles in S p+q by Sh(p, q).
and the differential map d by dα = (−1)
graded Lie algebra [4] . Let now K a field of zero characteristic and the tensor product over K will be denoted by ⊗. We recall the notion of deformation of a Leibniz algebra L over a local algebra base A with a fixed augmentation ε : A → K and maximal ideal M. Assume dim(M k /M k+1 ) < ∞ for every k (see [8] ).
Definition 2.2. A deformation λ of L with base (A, M), or simply with base
A is an A-Leibniz algebra structure on the tensor product A ⊗ L with the bracket
is a A-Leibniz algebra homomorphism (where the A-Leibniz algebra structure on K ⊗ L is given via ε).
A deformation of the Leibniz algebra L with base A is called infinitesimal, or first order, if in addition to this M 2 = 0. We call a deformation of order k,
Suppose A is a complete local algebra (
, where M is the maximal ideal in A. Then a deformation of L with base A which is obtained as the projective limit of deformations of L with base A/M n is called a formal deformation of L.
Observe that for l 1 , l 2 ∈ L and a, b ∈ A we have
by A-linearity of [, ] λ . Thus to define a deformation λ it is enough to specify the brackets [ 
Hence we can write
where j c j ⊗ y j is a finite sum with c j ∈ ker(ε) = M and y j ∈ L. 
The definition naturally generalizes to deformations complete local algebra base. We write λ 1 ∼ = λ 2 if λ 1 is equivalent to λ 2 . 
The same definition holds for complete algebra base by taking projective limit.
Remark 2.6. If the bracket [, ] λ is given by
Let us recall the construction of a specific infinitesimal deformation of a Leibniz algebra L, which is universal in the class of all infinitesimal deformations from [8] .
Observe that the second summand is an ideal of C 1 with zero multiplication. Fix a homomorphism
which takes a cohomology class into a cocycle representing it. Notice that there is an isomorphism H ′ ⊗ L ∼ = Hom(H ; L), so we have
Using the above identification, define a Leibniz bracket on C 1 ⊗ L as follows.
where the map ψ : H −→ L is given by
It is straightforward to check that C 1 ⊗ L along with the above bracket is a Leibniz algebra over C 1 . The Leibniz identity is a consequence of the fact that δµ(α) = 0 for α ∈ H . Thus η 1 is an infinitesimal deformation of L with base 
In particular, for l 1 , l 2 ∈ L we have
The main property of η 1 is the universality in the class of infinitesimal deformations with a finite dimensional base.
Proposition 2.9. For any infinitesimal deformation λ of a Leibniz algebra L with a finite dimensional base A there exists a unique homomorphism φ :
Suppose A is a local algebra with the unique maximal ideal M and π : A → A/M 2 the corresponding quotient map. The algebra A/M 2 is obviously local
base A then π * λ is a deformation with base A/M 2 and it is clearly infinitesimal.
Therefore, by the previous proposition, we have a map It follows from Proposition 2.9 that equivalent deformations have the same differential (see [8] ).
Definition 2.11. Let C be a complete local algebra. A formal deformation η of a Leibniz algebra L with base C is called versal, if (i) for any formal deformation λ of L with base A there exists a homomorphism
In [8] a construction for a versal deformation of a Leibniz algebra was given. The construction involves realizing obstructions to extend a deformation with base A to a deformation with base B for a given extension
Suppose a deformation λ of L is given with base A. If we try to extend it to a deformation with base B, it gives rise to a cohomology class in
The above assignment yields the obstruction map for this extension
(Here H 2 Harr (C k ; K) denotes the two dimensional Harrison cohomology space.) Let us recall the main steps of the construction. Consider the Leibniz algebra L with dim(H) < ∞ and the extension
′ as before. Let η 1 be the universal infinitesimal deformation with base C 1 . We proceed by induction. Suppose for some k ≥ 1 we have constructed a finite dimensional local algebra C k and a deformation η k of L with base C k . Let
′ be a homomorphism sending a cohomology class to a cocycle representing the class. Let
′ be the dual of µ. Then we have the following extension of C k :
The corresponding obstruction
We have an induced extension
where
and i k+1 , p k+1 are the mappings induced byī k+1 andp k+1 , respectively. It turns out that the obstruction associated to the extension (2) is ω| ker(ω k ) .
As a consequence it is proved in [8] Proposition 2.12. The deformation η k with base C k of a Leibniz algebra L admits an extension to a deformation with base C k+1 , which is unique up to an isomorphism and an automorphism of the extension
By induction, the above process yields a sequence of finite dimensional local algebras C k and deformations η k of the Leibniz algebra L with base C k
such that p k+1 * η k+1 = η k . Thus by taking the projective limit we obtain a formal deformation η of L with base C = lim ← − k→∞ C k .
Massey Brackets and Obstructions
After constructing the universal infinitesimal deformation, one would like to extend it to higher order deformation. For this we need to compute obstructions. The standard procedure is to relate obstructions to Massey brackets. The connection between these two notions was first noticed in [5] . A general approach to treat Massey brackets is given in [9] . This approach is used to establish connection between Massey brackets and obstructions arising from Lie algebra deformations. The aim of this section is to apply results in [9] to relate Massey brackets to obstructions in the deformation of Leibniz algebras. A special case of the general definition is an inductive definition of Retakh ([14, 9] ) which is useful for computational purposes.
Suppose (L, ν, d) is a differential graded Lie algebra. We denote by H = i H i , the cohomology of L with respect to the differential d. Let F be a graded cocommutative coassociative coalgebra, that is a graded vector space with a degree 0 mapping (comultiplication) ∆ :
Suppose also that a filtration
We need the following result (see [9] .) The definition makes sense even if F 1 = F . In that case Hom(F/F 1 , K) = 0, and [a] F may either be empty or contain 0. In that case we say that a satisf ies the condition of triviality of M assey F -brackets.
Let A be a complete local algebra with 1 and augmentation ε.
We consider the differential graded Lie algebra (CL
′ . Let ∆ : F −→ F ⊗ F be the comultiplication in F which is the dual of the multiplication in M. Then F is a cocommutative coassociative coalgebra. For a linear functional φ :
This gives α : Proof. Let {m i } be a basis of M. Using (4) we can write
For any linear functional φ :
Hence we get,
Thus it follows that ρ satisfies the Leibniz identity if and only if α satisfies the
It follows from Proposition 3.
Then the following is a consequence of Proposition 3.3 and definition of Massey F bracket.
Corollary 3.4. A linear map a : F 0 −→ H is a differential of some deformation with base A if and only if 1 2 a satisfies the condition of triviality of Massey Fbrackets.
Next we relate the obstruction ω k at the kth stage in the construction of versal deformation to Massey brackets. Consider the sequence of finite dimensional local algebras C k with maximal ideals M k and deformations η k of the Leibniz algebra L with base C k yielding an inverse system
Taking the dual we get the direct system
Also, by considering the maximal ideals M k we get another system
where each p ′ k is injective. In the induction process we get an extension of C k given by
where the obstruction for extending η k to a deformation of L with baseC k+1 is given by ω k :
To make this obstruction zero we
Harr (C k ; K) and ω k can be viewed as a map Proof. As before we define a map
k and l 1 , l 2 ∈ L, using the deformation η k with base C k . Since η k is a Leibniz algebra structure on C k ⊗L, Proposition 3.3 implies dα = Observe that α| F0 :
sentative of the cohomology class h i . So
gives a : F 0 −→ H, the identity map. In the definition of Massey F -bracket, the map b :
. In our case the obstruction is given by ω k :
. Consider a basis {m i } 1≤i≤r of M k and extend it to a basis {m i } 1≤i≤r+s ofM k+1 . Now we can write
Then by definition of α we have α(m
Let the multiplication inM k+1 be defined (on the basis) as
Taking b = 2ω k and a = id| H in Definition 3.2 the result follows.
Computations for the Leibniz algebra λ 6
To construct a versal deformation of λ 6 , we need to compute the second and third cohomology space of λ 6 = L. (ii) to find out a basis of the coboundary space BL 2 (L; L), 
Suppose ψ(e i , e j ) = 3 k=1 a k i,j e k where a k i,j ∈ C ; for 1 ≤ i, j, k ≤ 3. Since δψ = 0 equating the coefficients of e 1 , e 2 and e 3 in δψ(e i , e j , e k ) we get the following relations: Observe that there is no relation among a . Therefore, in terms of the ordered basis {e 1 ⊗ e 1 , e 1 ⊗ e 2 , e 1 ⊗ e 3 , e 2 ⊗ e 1 , e 2 ⊗ e 2 , e 2 ⊗ e 3 , e 3 ⊗e 1 , e 3 ⊗e 2 , e 3 ⊗e 3 } of L⊗L and {e 1 , e 2 , e 3 } of L, the matrix corresponding to ψ is of the form
, be the cocycle with x i = 1 and
Hom(L; L). Suppose the matrix associated to ψ 0 is same as the above matrix M . Let g(e i ) = g Since ψ 0 = δg is also a cocycle in CL 2 (L; L), comparing matrices δg and M we conclude that the matrix of ψ 0 is of the form 
, then a computation similar to 2-cocycles shows that the transpose of the matrix of ψ is
3 (L; L) for 1 ≤ i ≤ 20 be the cocycle with x i = 1 and x j = 0 for i = j in the above matrix. Then one can check that {τ i } 1≤i≤20 forms a basis of
On the other hand suppose ψ ∈ CL 3 (L; L) is a coboundary with ψ = δg.
Let g(e i , e j ) = g 
Since δψ is also zero, the transpose of the matrix of ψ is of the previous form as well. Thus a coboundary ψ has the following transpose matrix.
Since HL 3 (L; L) is nontrivial, it is necessary to compute possible obstructions in order to extend an infinitesimal deformation to a higher order one. First we describe the universal infinitesimal deformation for our Leibniz algebra. To make our computation simpler, we choose the representative cocycles µ 1 , µ 2 where µ 1 = φ 2 −φ ′ 2 and µ 2 = φ 3 . Let us denote a dual basis in HL 2 (L; L) ′ by {t, s}. By Remark 2.8 the universal infinitesimal deformation of L can be written as
with base
Let us describe a simpler version of the inductive definition of Massey brackets by Retakh [14] (see [6] ), relevant for Leibniz algebra deformations. These n th order operations are partially defined and they are well defined modulo the (n − 1) th order ones. The second order operation is the superbracket in the cochain complex. More precisely, if y 1 = [x 1 ], y 2 = [x 2 ] are 2-cohomology classes, then the second order operation < y 1 , y 2 > is represented by the super-
Suppose that y i ∈ HL 2 (L; L), 1 ≤ i ≤ 3 such that < y i , y j >= 0 for every i and j. This means that for a cocycle x i representing y i we have [x i , x j ] = dx ij for some 2-cochain x ij . Then the third order Massey operation < y 1 , y 2 , y 3 > is defined and is represented by
The cohomology class is independent of the choice of x ij . The higher order Massey operations are defined inductively. Now we compute the Massey brackets using the above definition. . Now (µ 1 • µ 1 )(e i , e j , e k ) = µ 1 (µ 1 (e i , e j ), e k )−µ 1 (µ 1 (e i , e k ), e j )−µ 1 (e i , µ 1 (e j , e k )) for 1 ≤ i, j, k ≤ 3.
Since µ 1 (e 2 , e 3 ) = −e 1 and takes value zero on all other basis element of L ⊗ L, it follows that µ 1 • µ 1 = 0. and moreover, they are represented by the 0-cocycle. By Theorem 3.5 and considering the inductive definition of Massey brackets in [9] it follows that the possible obstruction at each stage in extending η 1 to a versal deformation with base C[[t, s]] can be realised as the Massey brackets of µ 1 and µ 2 . So the possible obstruction vanishes.
As there are no obstructions to extending the universal infinitesimal deformation η 1 , it means that η 1 extends to a versal deformation with base C[[t, s]]. Moreover, observe that by our choice of µ 1 and µ 2 every Massey brackets is represented by the 0-cochain, and so η 1 is itself a Leibniz bracket with base C[[t, s]]. It follows by the construction in [8] Conclusions: In this paper we computed a versal deformation of a 3-dimensional nilpotent Leibniz algebra. For computing obstructions we introduced the notion of Massey brackets and proved the relationship between Massey brackets and obstructions. It turned out that in our example there are no obstructions in extending an infinitesimal deformation to a formal base, and so the universal infinitesimal deformation itself is versal with base C[[t, s]]. From the computation it follows that our Leibniz algebra has two nonequivalent 1-parameter family of deformations which are both infinitesimal and formal. We gave this deformation in an explicit form.
